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Abstract
We study coherent enhancement of neutrino electro-magnetic conversion in crystals. Large
coherence length which grows with the neutrino energy makes the coherent enhancement
particularly effective for very small masses. We derive constraints on the conversion rate
which follow from the Fresnel effects in scattering of neutrinos on atomic chains. We com-
ment on possible applications of the crystal converter to searches for non-diagonal neutrino
magnetic transitions in the CERN neutrino beam.
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In [1] the multiple scattering theory of Coulomb coherent excitation of high-energy par-
ticles propagating through a crystal was developed. The coherent resonance enhancement of
rare processes like the weak radiative transition pγ → Σ+ [2] has been studied in detail. In
the plane wave Born approximation one would expect the transition amplitude on a chain
of N identical atoms TΣ+p ∝ N for the beam momentum adjusted to satisfy the coherency
condition at a given lattice spacing d [3] (for earlier discussions on coherent enhancement
of atomic transitions see [4]). The important finding of Ref. [1] is that distortions by the
initial/final state interactions of the proton/sigma with a Coulomb field of a crystal suppress
the coherent enhancement dramatically: TΣ+p ∝ logN already at N ∼> (Zα)−1.
Still another interesting process is the neutrino magnetic conversion [5] in a Coulomb
field of crystals
ν1γ → ν2 . (1)
Hereafter, ν1 and ν2 are the neutrino mass eigenstates. In this case the initial/final state
interaction effects are negligible for all practical purposes and the law
T21 = t21N (2)
is expected to hold [1], where t21 is the transition amplitude on an isolated atom. Recently
there was much discussion on possible laboratory observations of neutrino electro-magnetic
conversion, for instance, using the high-quality resonant cavity converters [6, 7, 8]. In
these experiments one deals with transition form factor at the photon virtuality as small
as q2 ∼ (10−6 eV )2. The bounds on the neutrino magnetic moment which comes from the
high-energy νµe elastic scattering correspond to quite different scale q
2 ∼ (100MeV )2. A
possibility of the coherent enhancement of neutrino transitions in crystal converters must not
be overlooked since it provides the information on still another region of q2 ∼ (1−10KeV )2.
Exploring this region of q2 with crystal converters is topical in view of a possible nontrivial
q2 dependence, resulting in a strong low-momentum enhancement of a neutrino magnetic
form factor. A possible mechanism of such enhancement at very small q2 was discussed in
[9].
In this communication based on the multiple scattering theory we discuss the salient
properties of crystal converters. We derive the upper bound for the crystal thickness L = Nd
at which the conversion takes place on the crystal as a whole. This bound derives from the
Fresnel corrections to the conventional Glauber-Gribov approximation [10, 11]. We conclude
that crystal converters in the current CERN neutrino beam can provide useful bounds for
the transition magnetic and electric dipole moments of the neutrino.
We start with the brief overview of formalism developed in [1]. The amplitude of coherent
transition (1) on a chain built out of N identical atoms is written down as follows
T21(q) = t21(q⊥)〈N | exp(iqr)|N〉 (3)
where |N > is the ground-state wave function of the N-atomic chain. For our purposes it
is sufficient to use the uncorrelated wave function of the Gaussian form (see [1] for more
detail). Notice that the inter-atomic distances are large compared to the Thomas-Fermi
screening radius of the atom, d≫ aTF .
From the phenomenological transition matrix element [5]
M(ν1γ → ν2) = iu¯2 (µ21 + γ5d21)σµνqνεµu1 (4)
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one readily finds the helicity-flip amplitude t21
t21(q⊥) = Z
√
α
[iµ21σ [q⊥ × n] + d21σq⊥]
q2
⊥
+ µ2
. (5)
Here µ = a−1TF and aTF = (meαZ
1/3)−1 is the Thomas-Fermi radius of an atom, σ is the
Pauli spin vector and n - is a unit vector along the projectile direction. Our choice is
n = (0, 0, 1). The non-diagonal magnetic and electric dipole moments are denoted by µ21
and d21, respectively.
In terms of the matrix element (4) the cross section of the coherent neutrino conversion
in crystal is as follows
σ21 = αZ
2b221
∫
d2q⊥
q2
⊥
(q2
⊥
+ µ2)2
S2L(qz)S
2
T (q⊥) (6)
In eq.(6) b221 = |µ21|2 + |d21|2 for Dirac neutrinos and b221 = 4 [(Imµ21)2 + (Red21)2] for
Majorana neutrinos [5].
Denoted by ST is the transverse form factor
S2T (q
2
⊥
) = exp
[
−2
3
〈u2〉q2
⊥
]
, (7)
where 〈u2〉 is the square of amplitude of the lattice thermal vibrations. It is precisely the
factor S2T which cuts off q
2
⊥
at q2
⊥ ∼> 〈u2〉
−1
.
The longitudinal form factor which involves the structure factor of a crystal is defined
as follows
SL(qz) = exp
[
−1
6
q2z〈u2〉
]
sin(qzNzd/2)
sin(qzd/2)
. (8)
The transition coherence length is determined by the inverse longitudinal momentum trans-
fer, Lc ∼ 1/qz. In the very successful eikonal approach to the theory of multiple scatter-
ing on extended targets [10, 11] it has been pointed out that qz = ∆m
2
21/2p [11], where
∆m221 = m
2
2 −m21. However, the eikonal form of the wave function holds only at distances
from the scatterer shorter than the Rayleigh length (see [12] and references therein)
LR = a
2
TFp . (9)
Here aTF is the radius of the scatterer, which in our problem is the Thomas-Fermi radius
of an atom: aTF = (meαZ
1/3)−1. If the coherence length is larger than the Rayleigh length,
the Fresnel corrections to geometrical optics must be included and in the calculation of the
converted wave the eikonal Green’s function
Geik(b; z) = iδ(b)θ(z) exp(ipz)
must be substituted by the Fresnel-Green function [12]
GF (b; z) =
pθ(z)
2piz
exp
(
ipb2
2z
)
exp(ipz) .
The Fresnel effects are especially important in the high-energy magnetic scattering since
the amplitude t21(q⊥) vanishes at q⊥ → 0 and the forward scattering dominance [10, 11]
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does not hold. Let q⊥ be the transverse momentum of the converted neutrino. Then the
converted wave calculated with the Fresnel-Green function acquires the additional Fresnel
phase factor exp[izq2
⊥
/2p]. Hence
qz =
∆m221 + q
2
⊥
2p
(10)
The small-angle scattering regime is assumed to hold, θ2 ≃ q2
⊥
/p2 ≪ 1.
The coherent conversion rate
R =
σ21
d2
(11)
exhibits the resonance enhancement R ∝ N2 at the projectile momentum
p ≃ pn = (∆m
2
21 + q
2
⊥
)d
4pin
, n = ±1,±2, ... (12)
which satisfy the equation
qzd = 2pin . (13)
As a function of beam momentum R looks like a series of narrow resonances with the width
Γn =
√
3
2
(∆m221 + q
2
⊥
)d
pi2n2N
, n 6= 0. (14)
The smallness of the ratio Γn/pn ∼ N−1 leaves little hopes for the observation of these
resonances in a wide band neutrino beam. For the practical purposes, one must focus on the
coherent enhancement at n = 0 in eq.(13). In this case, “the resonance width” rises with
the neutrino momentum. Indeed, for high energy neutrino qzd is small and the longitudinal
form factor in eq.(6)
S2L ≃ N2
[
1− N
2
N2c
+ ...
]
. (15)
defines the coherence length Lc = Ncd, where
Nc =
4
√
3p
(∆m221 + q
2
⊥
)d
. (16)
One finds the coherent enhancement R ∝ N2 if N ≪ Nc.
In contrast to the eikonal approximation, where the coherence length is Leikc ∼ p/∆m221,
the coherence length defined by eq.(16) depends strongly on the transverse momentum q⊥.
The characteristic q⊥ vary in the range 2pi/d ∼< q⊥ ∼< a−1TF , 〈u2〉
−1/2
. The thermal vibration
amplitude estimated from the Debye approximation corresponds to 〈u2〉−1/2 ∼ 20−40KeV
for most commonly studied crystals at room temperature [13]. The inverse Thomas-Fermi
radius depends on Z and is such that a−1TF ∼ 10−20KeV . Typically, 2pi/d ∼ 1KeV . These
values of q2
⊥
are much larger than the existing estimates of ∆m221 based on the observed deficit
of solar electron neutrinos, the deficit of atmospheric muon neutrinos relative to electron
neutrinos and a relative weight of hot component in the dark matter of the Universe. They
vary from ∆m221 ∼ 10−6 eV 2 to ∆m221 ∼ 1 eV 2 ( see [14] for more discussion) and can safely
be neglected on the background of lattice vibrations.
As a function of crystal thickness R exhibits fast growth with L which is followed by the
saturation regime where R ≃ 16αZ2b221p2/µ4d4. Since we are interested in L which are not
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much larger than Lc, the contribution from the incoherent transitions which is ∝ N as well
as corrections ∝ logN at N ≫ Nc are neglected.
The above peculiarities of R are illustrated by Fig.1 in terms of the non-diagonal tran-
sition magnetic moment. We consider the W -crystal converter. The attainable sensitivity
of the CERN neutrino detectors on the measurement of the neutrino conversion rate in the
”disappearance type” experiment is assumed to be ≃ 10−4 [6]. Somewhat deliberately we
put |µ21| = |d21|. So far as L ≪ Lc the conversion rate follows the geometrical optics.
The upper bound on the transition magnetic moment also follows the bound given by the
geometrical optics. Fresnel effects enter the game at L ∼ Lc. The variation of the slope in
the transitional region is due to the smallness of 〈u2〉 compared to a2TF which is specific for
the W -crystal [13]. At still larger L the ratio µ21/µB is saturated at the value
µ21
µB
≃ 1
Z
me
2p
d2
a2TF
√
R
2α
. (17)
Here µB is the Bohr magneton. The above estimate, eq.(17), does not involve 〈u2〉 since
〈u2〉 ≪ a2TF . If, on the contrary, 〈u2〉 ∼> a2TF the value of µ21/µB in a saturation regime is
determined by the effect of thermal vibrations.
In the above analysis the neutrino has been assumed to propagate along the crystal-
lographic axis. In optimization of the conversion rate one must be aware of the natural
angular divergence of the neutrino beam. If the projectile momentum p has non-zero trans-
verse components and θ is the divergence of the beam with respect to a crystal alignment
axis, then the angular aperture θcoh for which the coherency condition holds can be estimated
as
θcoh ∼<
pi
q⊥dN
∼ 1
N
. (18)
To an extent that the neutrino source can be treated as point-like, the angular divergence
can be corrected for by proper alignment of elements of the multi-crystal converter.
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FIGURE CAPTIONS
Fig.1
The upper bound on the non-diagonal neutrino magnetic moment in units of the Bohr
magneton as a function of the W -converter thickness is shown for different neutrino beam
momenta.
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